We study finite dimensional almost and quasi-effective prolongations of nilpotent Z-graded Lie algebras, especially focusing on those having a decomposable reductive structural subalgebra. Our assumptions generalize effectiveness and algebraicity and are appropriate to obtain Levi-Malčev and Levi-Chevalley decompositions and precisions on the heigth and other properties of the prolongations in a very natural way. In a last section we systematically present examples in which simple Lie algebras are obtained as prolongations, for reductive structural algebras of type A, B, C and D, of nilpotent Z-graded Lie algebras arising as their linear representations.
Introduction
Cartan's method for the study of equivalence and symmetries of differential G-structures naturally leads to consider Z-graded Lie algebras and their 2000 Mathematics Subject Classification. Primary: 53B05, 17B70 Secondary: 17B22, 70G65.
Key words and phrases. Z-graded Lie algebra, reductive Lie algebra, decomposable Lie algebra, Levi-Chevalley decomposition, Tanaka's prolongation. prolongations. This approach is clearly explained in the classical books [33] of Sternberg and [19] of Kobayashi. The work of N. Tanaka (see e.g. [34, 35] ), extending the scope to general contact and CR structures, set the path for further developments of the subject (see e.g. [2, 22, 31] ). An additional motivation is the fact that filtered Lie algebras are the core of the algebraic model for transitive differential geometry (see [17] ). Their Zgraded associated objects have therefore an essential role in the study of several differential geometrical structures. Our interest in this topic was fostered by our previous work on homogeneous CR manifolds (se e.g. [3, 5, 4, 6, 20, 21, 24, 25] ). The more recent [23] showed us that some of the Z-graded Lie algebra naturally arising in this context do not satisfy all standard requirements of Tanaka's theory under which e.g. are usually discussed effective maximal prolongations (cf. [31, 36] ). This motivates our consideration of fairly general classes of Z-graded Lie algebras. Our main concern here is not on the maximality of prolongations, for which we refer throughout to our [22] . Instead, we often restrict to prolongations that are assumed to be finite dimensional. Since in this case homogeneous terms of degree different from zero are ad-nilpotent, we keep most of the structure of a Z-graded Lie algebra while passing, following [11, Ch.VII, §5], to its decomposable envelope. This observation was very useful to clarify and simplify several points of the theory. We found also convenient to introduce weaker assumptions of effectiveness which are nevertheless sufficient to get informations on the positive degree homogeneous summands. Let us briefly summarise the contents of the paper.
In the first section we collect some general structure property of Z-graded Lie algebras. As explained above, a key role is played by the concept of decomposability, which generalizes algebraicity and which is used here also to obtain a shorter proof of the existence of Z-graded Levi-Malčev and Levi-Chevalley decompositions (cf. [13, 28] ).
In §2 we consider various effectiveness conditions, weakening those in [34] , and some of their consequences.
We call the subalgebra g 0 of 0-degree homogeneous terms of a Z-graded Lie algebra g its type, or structural subalgebra. We look at g 0 as infinitesimally describing the basic symmetries of the structure of a differential geometrical object under consideration. Starting from §3, we study the consequences of assuming that the adjoint action of g 0 on g is reductive.
In §4 we come back to the effectiveness conditions, showing that, together with assumptions on the type, they bring some further precision on the features of the Z-graded Levi-Malčev decomposition.
In the last §5 we deal with semisimple prolongations. After some general considerations, we systematically develop a series of examples, also relating to the exceptional Lie algebras and in which spin representations play an important role. We believe that some of them could also be of some interest in physics, where graded Lie algebras may contribute to better understand basic symmetries of nature. For the nilpotent depth 2 case some similar descriptions were obtained in [15] .
Z-graded Lie alebras
In this preliminary section we fix some notation and definitions that will be used throughout the paper. We consider Z-graded Lie algebras (1.1) g = p∈Z g p over a field K of characteristic 0.
Definition 1.1. The Lie subalgebra g 0 of the Z-graded Lie algebra (1.1) is called its structure subalgebra. The depth of g is µ= sup{p ∈ Z | g −p 0} end its heigth is ν= sup{p ∈ Z | g p 0}.
The map
is a degree 0 derivation of g, that we call characteristic. Definition 1.2. We call characteristic a Z-graded Lie algebra g which contains a homogeneous element E of degree 0 (its characteristic element) such that [E, X] = D E (X) for all X ∈ g. Definition 1.3. A Z-graded Lie algebra g ′ = p∈ Z g ′ p is called a prolongation of the Z-graded Lie algebra g of (1.1) if g is a Lie subalgebra of g ′ and (1.3) g ′ p = g p , ∀p < 0, g ′ p g p , ∀p ≥ 0.
We say that a Z-graded prolongation g ′ is of type g 0 if g ′ 0 = g 0 . For a thorough discussion of prolongations of Z-graded Lie algebras we refer the reader to [22] . Lemma 1.1. A Z-graded Lie algebra g admits a prolongation g ֒→ g c , with g c =g if g is characteristic and dim K (g c /g) = 1 otherwise. The adjoint representation of g c restricts to a representation of g on g c , whose kernel is the centralizer of g in g 0 :
Proof. If g is not characteristic, we may consider g c = g ⊕ E , with the gradation g c = p∈Z g c p in which g c p =g p when p 0, g c 0 = g 0 ⊕ E and the Lie algebra structure on g c is defined by requiring that g is an ideal in g c and that [E, X] = D E (X) for all Z ∈ g.
Formula (1.4) follows because the elements of the center of a characteristic Z-graded Lie algebra are homogeneous of degree zero. Definition 1.4. The Z-graded Lie algebra g c of Lemma 1.1 will be called the characteristic prolongation of g.
1.1. Finite dimensional Z-graded Lie algebras. Assuming that g is finite dimensional, we denote by r its solvable radical and by n its maximal nilpotent ideal. Both r and n are graded ideals of g:
(1.5) n = p∈Z n p ⊆ r = p∈Z r p and n consists of the ad g -nilpotent elements of r. In particular,
n p = r p , ∀p 0, n 0 ⊆ r 0 and any derivation D of g maps r into n. Set
g p , and denote by k g the Killing form of g. We recall, from [9, Ch.I, §5.5,Prop.5], that the radical r is the orthogonal of [g, g] with respect to k g .
Z-graded linear representations.
A Z-graded K-vector space is the datum of a K-vector space V and of its decomposition
into a direct sum of vector subspaces, indexed by the integers. A linear map
The homogeneous elements of gl K (V) generate a Lie subalgebra gl ∨ K (V) of gl K (V), which has the natural Z-gradation
. We keep however also in this case the notation gl ∨ K (V) to specify that we are considering on gl K (V) the Z-gradation (1.9), related to a given Z-gradation
Proposition 1.2. Let g be a Z-graded characteristic Lie algebra. If V is a finite dimensional K-vector space and ρ : g → gl K (V) a linear Lie algebra representation of g, then we can find a gradation (1.8) of V for which ρ satisfies (1.10).
Proof. Let E be the characteristic element of g. For polynomials
. Take the spectral decomposition of V with respect to ρ(E):
Here ψ 1 (t), . . . , ψ m (t) are powers of distinct irreducible monic polynomials in K[t]. For every p ∈ Z and X p ∈ g p , we have ρ(X p ) •(ρ(E)+p·I V ) = ρ(E) • ρ(X p ) and hence, for every positive integer k,
This shows that
Then the gradation
satisfies the requirements of the Theorem. Remark 1.3. Any Z-graded linear representation of a Z-graded Lie algebra g extends to a linear representation of its characteristic prolongation g c . Thus Prop. 1.2 tells us that actually all finite dimensional Z-graded linear representations of g are restrictions to g of linear representations of g c . The gradation on V is not uniquely determined: indeed we can always change its grading by shifting the indices by an integral constant and this can be done independently on each subspace V i = p∈Z V φ i (t+p) . Note also that ρ(E) may not be a characteristic element of gl ∨ K (V). In the finite dimensional case we can normalise the grading of V by requiring that E V ∈ sl K (V), i.e. that p∈Z (p · dim K (V p )) = 0. We obtain a graded version of Ado's theorem. Theorem 1.4. Every finite dimensional Z-graded Lie algebra admits a Zgraded faithful representation such that the linear maps corresponding to elements of its maximal nilpotent ideal are nilpotent.
Proof. Let g be a finite dimensional Z-graded Lie algebra and g c its characteristic prolongation. By Ado's theorem (see e.g. [9, Ch.I, §7.3,Theorem 3]) g c has a faithful finite dimensional linear representation ρ:g c →gl K (V) such that ρ(X) is nilpotent for all X in the maximal nilpotent ideal of g c , which coincides with the maximal nilpotent ideal n of g. By Prop. 1.2 we can find a Z-gradation of V to make ρ graded. Remark 1.5. If c 0 = 0, i.e. if no nonzero element of the center is homogeneous of degree 0, then the restriction to g of the adjoint representation of its characteristic prolongation g c is a faithful Z-graded finite dimensional linear representation of g, mapping the elements of n into nilpotent endomorphisms. Definition 1.6. Let g be a finite dimensional Z-graded Lie algebra and V a Z-graded finite dimensional vector space over K. A finite dimensional Z-graded faithful representation ρ : g → gl ∨ K (V) for which ρ(n) is a Lie algebra of nilpotent endomorphisms of V will be called a realisation of g.
1.
3. Decomposable Lie algebras. In this subsection we will not assume that the Lie algebras we consider are Z-graded.
Let V be a finite dimensional vector space over a field K of characteristic 0. Every A in gl K (V) admits a Jordan-Chevalley decomposition: there are A s , A n ∈ gl K (V) such that
The summands A s , A n are uniquely determined and A s = ψ s (A), A n = ψ n (A) with ψ s (t), ψ n (t) ∈ K[t] polynomials with no constant term.
We recall some notion and results from [11, Ch.VII, §5].
The decomposable envelopeg of a Lie subalgebra g of gl K (V) is the Lie subalgebra of gl K (V) generated by the semisimple and nilpotent components of its elements. Note that g is an ideal ing. We say that g is decomposable in V wheng = g. A necessary and sufficient condition for g to be decomposable in V is that its solvable radical r is decomposable in V.
We denote by (1.11) n V = {X ∈ r | X is nilpotent on V} the maximal ideal in g consisting of nilpotent endomorphisms of V. We have
We say that g is V-reductive if the g-module V is completely reducible. A V-reductive g is also decomposable in V.
where l V is a V-reductive Lie subagebra of g. We call such an l V a V-reductive Levi factor of g.
The condition of being decomposable in V is necessary and sufficient to ensure that g admits a Levi-Chevalley decomposition in V and the group of elementary automorphisms of g is transitive on the set of V-reductive Levi factors of g. This is the contents of [11, Ch.VII, §5, Proposition 7], that we further precise by giving here the analogue of a theorem that Mostow ([30] ) proved for algebraic groups. Proposition 1.6. Let g be a decomposable Lie subalgebra of gl K (V) and t a commutative Lie subalgebra of g, consisting of semisimple endomorphisms. Then g has a V-reductive Levi factor l V containing t.
Proof. Take a V-reductive Levi factor l V of g for which l V ∩ t is maximal. We claim that t ⊆ l V . To prove this fact we argue by contradiction. Assume that there is an
we obtain that both [A ′ , B] = 0 and [N, B] = 0, because the first summand is in l V and the second in n V . Let X and Y be the semisimple and nilpotent summands in the Jordan-Chevalley decomposition of A ′ . Being polynomials in A ′ , they both commute with the elements of t ∩ l V . Let us consider now the Lie subalgebra κ of gl K (V) generated by X, Y, N. It is solvable and the ideal n ′ V of its nilpotent endomorphisms, which is generated by Y, N, [X, N], has codimension 1 in κ and its elements commute with those in t ∩ l V . We note that both X and A are V-reductive Levi factors of κ . Then there is an elementary automorphism Ψ of κ mapping X onto A . This Ψ is a composition of automorphisms of the form exp(ad κ (T )), with T ∈ n ′ V . Its extension to an automorphismΨ of g is a composition of exp(ad g (T )), with T ∈ n ′ V and hence leaves invariant all elements of
contradicting the choice of l V and showing therefore that in fact t ⊆ l V . The proof is complete.
1.4. Decomposable prolongations. We specialise the general notions of the previous subsection to the case of Z-graded Lie algebras. Proposition 1.7. Let V be a finite dimensional Z-graded K-vector space and g a Z-graded Lie subalgebra of gl K (V). Then its decomposable envelopẽ g in V is the Z-graded Lie subalgebra
of gl K (V), whereg p = g p for all p 0, whileg 0 equals the decomposable envelope of g 0 in V.
Proof. The Lie algebra defined by (1.13) is decomposable by [11, Ch.VII, §5.5, Theorem 1], being generated by the elements of p 0 g p , which are nilpotent, and by the semisimple and nilpotent components of the elements of g 0 . Moreover, gl K (V) contains a characteristic element E V and
Since the semisimple and nilpotent summands A s and A n of an element A of g 0 are polynomials of A, they also commute with E V and therefore belong to [gl K (V)] 0 . Proof. We begin by proving the last statement under an additional assumption. Let V be a finite dimensional Z-graded vector space and assume that g is a decomposable Z-graded Lie subalgebra of gl K (V), containing the characteristic element E V of gl K (V). Since E V is semisimple, by Proposition 1.6, there is a V-reductive Levi factor l V of g containing E V and hence Z-graded.
Consider now any Z-graded Lie algebra g. By using Theorem 1.4, we identify g with a Z-graded Lie subalgebra of gl K (V), for a suitable finite dimensional Z-graded K-vector space V. Then g c ≔g+ E V is a Z-graded Lie subalgebra of gl K (V) which, by the argument above, has a Z-graded V-reductive Levi factor l V . Then s ≔[l V , l V ] is a semisimple Z-graded Levi factor of g.
It remains to prove the existence a Z-graded Levi-Chevalley decomposition in V for a decomposable Z-graded Lie subalgebra g of gl K (V) without assuming that E V ∈ g. We begin by taking a Levi-Malčev decomposition g = s ⊕ r with a Z-graded semisimple Levi factor s . Since p 0 r p ⊆ n V , we obtain that r = n V +r 0 . The subalgebra r 0 is solvable and decomposable in V. Therefore, if t 0 is a maximal abelian subalgebra of r 0 consisting of semisimple endomorphisms of V, then r 0 = t 0 ⊕ (n V ∩r 0 ) (see e.g. [11, Ch.VII, §5, Corollary 2]) and hence l V = s ⊕ t 0 is a V-reductive Levi factor of g.
We recall (see e.g. [9, Ch.I, §6.4]) that a Lie algebra κ is reductive if its adjoint representation is semisimple. This is equivalent to the fact that its derived algebra [κ, κ] is semisimple. If κ is reductive, then its center is a direct sum complement of [κ, κ] in κ .
A finite dimensional Lie algebra g is decomposable if the semisimple and nilpotent components of its inner derivations are still inner derivations: this means that ad g (g) is a g-decomposable Lie subalgebra of gl K (g).
A linear realisation of g is a faithful finite dimensional linear representation ρ : g → gl K (V) such that ρ(X) is nilpotent on V for each X in the maximal nilpotent ideal n of g. If g is decomposable, by using its linear realisation, we obtain a direct sum decomposition
where l is a reductive Lie algebra of g. We call reductive Levi factors of g the reductive Lie algebras which are complements of n in g. Proof. Every Cartan subalgebra h of g 0 contains the characteristic element E, because it belongs to the center of g 0 . Let h be a Cartan subalgebra of g 0 . If X = p∈Z X p , with X p ∈ g p , is in the normaliser of h in g, then the condition
implies that X belongs to g 0 and therefore to h, which is its own normaliser in g 0 . Thus h is also its own normaliser in g and thus is Cartan in g.
In a Z-graded finite dimensional Lie algebra g= p∈Z g p , when p+q 0 the subspaces g p and g q are orthogonal for the Killing form k g . Since the restriction of k g to a semisimple Levi factor of g is nondegenerate, Theorem 1.8 yields Proposition 1.11. Let g be a Z-graded finite dimensional Lie algebra. Then:
(1) if m ⊆ r, then p 0 g p ⊆ n;
Effectiveness conditions
Let g = p∈Z g p be a Z-graded Lie algebra and set g + = p≥0 g p , m= p<0 g p .
Definition 2.1 (effectiveness conditions). We say that g is
• quasi-effective if the following two conditions are fulfilled:
We clearly have (2.1)⇒(2.2)⇒(2.3) and the three notions are equivalent when m is fundamental, i.e. generated by g −1 .
Notation 2.1. Let us indicate by P 0 (m, g 0 ) the collection of all finite dimensional Z-graded almost effective prolongations of type g 0 of m, where g 0 is a subalgebra of Der 0 (m) and, for D ∈ g 0 and X ∈ m we have [D, X] = D(X). We denote by m ⊕ g 0 the object of P 0 (m, g 0 ) which is the semidirect product of m and g 0 . Lemma 2.1. An almost effective g contains at most one characteristic element. If g is almost effective, then the restriction to g of the adjoint representation of its characteristic prolongation is faithful.
Let g be an almost effective Z-graded Lie algebra. Then a nonnegative degree homogeneous derivation of g is zero if and only if its restriction to m is zero.
Proof. Let D ∈ Der q (g) be a homogeneous derivation of degree q≥0 which vanishes on m. We prove by recurrence that D(g p ) = {0} for all p ∈ Z . By assumption this is true for p<0. Assume that p ≥ 0 and D(g s ) = 0 for s<p. If X p ∈ g p and Y r ∈ g r with r <0, then
because the first summand in the right hand side is zero, being [X p , Y r ]∈g p+r and p+r <p; the second is zero because D(Y r ) = 0 since r <0. Then D(X p ) is an element of g p+q with [D(X p ), m] = {0} and hence is 0 by the almost effectiveness assumption, because p+q≥0. This completes the proof. Proof. For a derivation D of g one can easily prove by recurrence that
for suitable constants c k,h . Then, if D ∈ Der 0 (g) is nilpotent on m, we can prove recursively that it is nilpotent on g. Indeed, if p ≥ 0 and we know that D m is zero on g q for q<p, then we obtain that, for every
by the inductive assumption, because [X p , D 2m−h (Y)] ∈ q<p g q and either h or 2m−h is ≥m. Since g is almost effective, this implies that D 2m (X p ) = 0. The proof is complete.
A consequence of Lemma 2.3 is that for an almost effective g the Lie subalgebra of the homogeneous elements of degree 0 of its maximal nilpotent ideal n only depends on m and the structure subalgebra g 0 . Notation 2.2. Let ρ : g 0 → gl K (m) be the linear representation obtained by restricting the adjoint representation to m. Likewise, for all p ∈ Z, we denote by ρ p : g 0 → gl K (g p ) the restrictions of ρ to the homogeneous subspaces g p . Theorem 2.4. Let g 0 be a Lie algebra of degree 0 derivations of a finite dimensional Z-graded nilpotent Lie algebra m= p<0 g p . If n(g) is the maximal nilpotent ideal of an almost effective prolongation g of type g 0 of m, then
Proof. Let us fix a Z-graded Levi-Malčev decomposition g = s ⊕ r of g.
The subalgebra s 0 ≔ s ∩ g 0 of its Z-graded semisimple Levi factor is reductive and decomposes into the direct sum
We note that s contains a characteristic element E s and therefore z 0 is contained in a Cartan subalgebra of s contained in s 0 . The elements of z 0 are ad g -semisimple on s and on g. Therefore, if A is a nonzero element of z 0 and B ∈ r, then ad g (A+B) is not nilpotent on g. Therefore the ad g -nilpotent elements of rad(g 0 ) are contained in r 0 and therefore belong to n 0 . The claim of the Theorem follows from Lemma 2.3, because, by the assumption that g is almost effective, an X ∈ g 0 is ad g -nilpotent if and only if ρ(X) is nilpotent on m.
Lemma 2.5. For an almost effective finite dimensional Z-graded Lie algebra g the following are equivalent:
Proof. If p ∈ Z \{0} and X p ∈g p , then the inner derivation ad g (X p ) is nilpotent. Hence g is decomposable if and only if the semisimple and nilpotent parts of the ad g (A), with A ∈ g 0 , are still inner derivations. This shows that (i)⇔(ii). Let us prove the equivalence (ii)⇔(iii). If A ∈ g 0 , then ad g (A) ∈ Der 0 (g) has a Jordan-Chevalley decomposition ad g (A) = D s +D n with D s semisimple and D n nilpotent, both belonging to K[ad g (A)]. If A = A s +A n with A s , A n ∈ g 0 , then, by Lemma2.2, we have D s = ad g (A s ) and D n = ad g (A n ) if and only if D s | m = ρ(A s ) and D n | m = ρ(A n ). This yields the last equivalence. Lemma 2.5 tells us that for an almost effective g being decomposable is a property of its type g 0 . Proposition 2.6. Let m= p<0 g p be a finite dimensional Z-graded nilpotent Lie algebra and g 0 a Lie algebra of degree 0 homogeneous derivations of m. Then the following are equivalent:
Reductive type
Let g= p∈Z g p be a finite dimensional Z-graded Lie algebra, n its maximal nilpotent ideal and n 0 ≔n ∩ g 0 . Definition 3.1. We say that g is of reductive type if n 0 = {0}.
By Theorem 2.4 we obtain
Proposition 3.1. Let m= p<0 g p be a finite dimensional Z-graded nilpotent Lie algebra, g 0 a Lie subalgebra of Der 0 (m) and P 0 (m, g 0 ) the collection of all finite dimensional almost effective prolongations of type g 0 of m. Then the following are equivalent:
Proposition 3.2. Let g be a finite dimensional Z-graded Lie algebra. If g is of reductive type, then g 0 is reductive and the subalgebra r 0 of the degree 0 homogeneous elements of its radical r is contained in the center of g 0 .
Proof. Since [g 0 , r 0 ] is contained in n 0 , the assumption that n 0 = {0} implies that r 0 is contained in the center of g 0 . By Theorem 1.8, g has a Z-graded semisimple Levi factor s and s 0 ≔ s ∩ g 0 is reductive. Then g 0 is reductive, being the sum of a reductive Lie subalgebra and of its centraliser.
In the following lemma we do not require that g is Z-graded. Lemma 3.3. Let g 0 be a Lie subalgebra of a finite dimensional Lie algebra g and W an ad g (g 0 )-invariant subspace of g. If the representation of ad g (g 0 ) on W is semisimple, then also the Lie subalgebra w of g generated by W is a semismimple ad g (g 0 )-module. If n is the maximal nilpotent ideal of g, then
Proof. The tensor product representation of finite dimensional semisimple representations of a Lie algebra g 0 is semisimple (see e.g. [9, Ch.I, §6, Cor.1]). Therefore each subspace f p (W) of the free Lie algebra f(W) generated by W is a semisimple g 0 -module. Let ̟ : f(W) → w be the natural projection. Since the image by ̟ of a finite dimensional irreducible g 0submodule is either {0} or semisimple, it turns out that w is a sum of irreducible g 0 -submodules and hence a semisimple g 0 -module. Proposition 3.4. Let g be a finite dimensional Z-graded Lie algebra. If g is almost effective, then the following are equivalent (i) g is decomposable and of reductive type;
Proof. Clearly (iii)⇒(ii) because m is ad g (g 0 )-invariant and (i)⇒(ii), (iii). Let us show that (ii)⇒(i), (iii). Let g = s ⊕ r be a Levi-Malčev decomposition of g, with a Z-graded semisimple Levi factor s. Since the adjoint representation restricts to a semisimple representation of s 0 on g, it suffices to show that the inner derivations corresponding to the elements of r 0 are semisimple. Let indeed A ∈ r 0 and D s , D n ∈ Der 0 (g) be the semisimple and nilpotent summands of the Jordan-Chevalley decomposition of ad g (A). If we assume that ρ is semisimple, by the uniqueness of the Jordan-Chevalley decomposition in gl K (m) we obtain that D s − ad g (A) and D n vanish on m. By Lemma 2.2 this yields D n = 0 and ad g (A) = D s is a semisimple derivation on g, proving at the same time that (iii) holds, because ad g (A) is semisimple for A ∈r 0 and that (i) holds, because g 0 is the sum of a reductive ideal s 0 and an abelian Lie algebra of semisimple elements. 
Quasi-effective Z-graded Lie algebras
Under the stronger assumption of quasi-effectiveness we obtain better structure theorems.
Lemma 4.1. Let g be a quasi-effective finite dimensional Z-graded Lie algebra. If g is of reductive type, then the subspaces n p of homogeneous elements of positive degree p of its maximal nilpotent ideal n are trivial.
Proof. Let us prove recursively that n p = {0} for p ≥ 0. For p = 0 this is true by assumption. Let p > 0 and suppose we already know that n q = {0} for 0≤q<p. Then we have
By the quasi-effectiveness assumption this yields n p ⊆ n 0 = {0}, proving the statement.
We recall that the depth of a Z-graded Lie algebra g is the largest integer µ for which g −µ {0}. An almost effective g {0} has positive depth.
Proposition 4.2. Let g be a quasi-effective finite dimensional Z-graded Lie algebra. If g is of reductive type and depth µ, then g p = {0} for p > µ.
Proof. We note that g p is orthogonal to g, and hence belongs to r p , for p>µ. For positive p we have r p = n p and thus the statement is a consequence of Lemma 4.1.
A finite dimensional Z-graded Lie algebra g has a Z-graded solvable radical r, whose depth µ r we call its solvable depth; besides, all its Z-graded semisimple Levi factors have the same depth µ s , that we call its semisimple depth. In case g is solvable, we set µ s =0 and, likewise, we set µ r =0 when it is semisimple. We have the following If the elements of r 0 are ad-semisimple, then for each A ∈ r 0 we have
Lie subalgebra of g such that g = κ +r and a Z-graded semisimple Levi factor of κ is then a Z-graded semisimple Levi factor of g satisfying (4.4). This completes the proof.
Corollary 4.4. Assume that g is an effective finite dimensional Z-graded Lie algebra with m fundamental. If ρ −1 is simple, either g is semisimple or n = m and g = m ⊕g 0 .
Proof. By Proposition 3.4 and Lemma 3.3 we know that g is decomposable and of reductive type. Consider a Z-graded Levi-Malčev decomposition (4.1) for which (4.2), (4.3), (4.4) are satisfied. Since we assumed that ρ −1 is irreducible, either m ⊆ s, or m ⊆ r. In the first case r = r 0 ={0} by the assumption that g is effective, because [r 0 , m] = 0 and thus g = s . In the second case we have s ⊆ g 0 and m = m ⊕ g 0 , because g p = n p = {0} for p > 0.
Example 4.5. For a positive integer h>1, we consider on V = K 3 the Z-
. Then the upper triangular nilpotent 3×3 matrices are a Z-graded Lie subalgebra g= p∈Z g p with g p ={0} for p −h, h−1, −1 and
which is almost, but not quasi-effective. Moreover, g is trivially of reductive type, because g 0 ={0}. Note that (4.3) is not valid in this case. Then g is almost, but not quasi-effective. Moreover, g is of reductive type if and only if h>1. Its depth is sup{h, k +1}, which, if k , h>1, is strictly smaller than the maximum index p for which g p {0}, which is h+k . Also in this case (4.3) is not valid.
Example 4.7. We will be primarily interested in finite dimensional quasieffective Z-graded g having a reductive structure algebra g 0 . Before getting into this, let us briefly discuss how to construct general finite dimensional nilpotent prolongation . By Engel's theorem, a faithful representation of g will lead to realise g as a Lie algebra of nilpotent upper triangular n×n
A grading on g can be described by the action of an integral diagonal matrix E=diag(k 1 , . . . , k n ): the entry x i, j is then homogeneous of degree k i −k j .
Let us consider the specific example consisting of the Lie algebra g of 8×8 upper triangular matrices with entries in K which are antisymmetric with respect to the second diagonal. These matrices belong to the orthogonal algebra of the bilinear symmetric form
and are indeed the largest nilpotent ideal of a Borel subalgebra of a split form of D 4 . By using the gradation with E = diag(−1, −2, −1, 0, 0, 1, 2, 1), we obtain on g a structure of 12-dimensional nilpotent fundamental graded Lie algebra
The nonzero elements of g 0 have rank 2 on g −1 and therefore the maximal prolongation of type g 0 of m= −1 p=−3 g p is finite dimensional (see e.g. [22] ). We obtain a solvable prolongation of g by adding to g 0 the 8×8 diagonal matrices which are antisymmetric with respect to the second diagonal.
Semisimple prolongations
By Theorem 4.3 all positive degree summands of an effective Z-graded finite dimensional Lie algebra g of reductive type are contained in its graded semisimple Levi factor. It is therefore of some interest investigating the way Z-gradations of semisimple Lie algebras relate to (maximal) prolongations of fundamental graded Lie algebras.
Let g = µ p=−µ g p be a finite dimensional Z-graded semisimple Lie algebra over K. We say that its gradation is not trivial if µ>0 and g µ {0}. Moreover, g is effective iff none of its nontrivial ideals is contained in g 0 . Its Lie subalgebra g 0 is reductive, since the restriction of the Killing form of g to g 0 is nondegenerate. Set m = −1 p=−µ g p and V=g −1 . Assuming that m is fundamental, g is an effective prolongation of m if and only if the action of g 0 on V is faithful: in this case g 0 can be identified with a Lie subalgebra of gl K (V). The derived algebra [g 0 , g 0 ] is semisimple and V decomposes into a direct sum V = V 1 ⊕ · · · ⊕V k of its irreducible representations. For each 1≤i≤k, the set A i of K-endomorphisms of V i which commute with the action of [g 0 , g 0 ] is, by Schur's lemma, a division K-algebra. The elements of A i uniquely extend to derivations of g vanishing on V j for j i. In particular, the identity of A i yields a projection η i : V→V i . Since every derivation of a semisimple finite dimensional Lie algebra is inner, we can consider the A i 's as subalgebras of g 0 .
Lemma 5.1. Assume that g is finite dimensional and semisimple and that the action of g 0 on V is faithful. Then the center of A 1 ⊕· · · ⊕A k is the center of g 0 .
Remark 5.2. The commutant A i may contain a simple Lie algebra over K, that will contribute as a summand to [g 0 , g 0 ]. For instance, when K is the field R of real numbers, the possible A i are R itself, or C, or the non commutative real division algebra H of quaternions, and H≃o(3)⊕ R .
A simple instance of this situation is the simple Lie algebra sl 2 (H), with g 0 =o(3)⊕o(3)⊕ R ≃o(4)⊕ R ≃co(4), with the standard action on V= R 4 ≃H, where sl 2 (H) can be viewed as a maximal prolongation of type co(4) of V. This presentation corresponds to the cross marked Satake diagram (see e.g. [3] ) × Semisimple and maximal prolongations are related by the following proposition (see e.g. [26, 34] ).
Proposition 5.3. Assume that g is semisimple and that the action of g 0 on V is faithful. Then g is maximal among the finite dimensional effective prolongations of type gl K (V) of m.
Proof. Indeed, an effective finite dimensional prolongation G= p∈ Z G p of m containing g is a g-module. Since the finite dimensional linear representations of a semisimple g are completely reducible, g has in G a complementary Z-graded g-module G ′ . The conditions that [G ′ , m]⊂G ′ and that G ′ is contained in G + = p≥0 G p implies by effectiveness that G ′ = {0}.
Example 5.4. If m = g −1 = K n , then sl n+1 (K) is the unique finite dimensional semisimple prolongation of m. However, the maximal prolongation of type gl n (K) of m is the infinite dimensional graded Lie algebra X (K n ) of vector fields with polynomial coefficients in K n (see e.g. [22, §3] ).
In the rest of this section, we will exhibit structures of maximal Z-graded prolongations on semisimple Lie algebras, that we think could be of some interest in geometry and physics.
Let us explain the pattern of our constructions. We start from a semismiple Lie algebra L 0 and fix a faithful finite dimensional L 0 -module V, identifying L 0 with a Lie subalgebra of gl K (V). The structure algebra g 0 is obtained by adding to L 0 its commutant in gl K (V). Then g 0 is reductive, with L 0 ⊆ [g 0 , g 0 ]. The derived algebra L ≔[g 0 , g 0 ] is the semisimple ideal of g 0 . The exterior power Λ 2 (V) is an L-module and we can choose g −2 equal to any L-submodule of Λ 2 (V). Likewise, all homogeneous summands in the natural gradation of the free Lie algebra f(V)= p<0 f p (V) of V (cf. [22, 32, 36] ) are L-modules and we can choose g −3 as an L-submodule of (V⊗g −2 ) ∩ f −3 (V), and next, by recurrence, g −p−1 as an L-submodule of the intersection (V⊗g −p ) ∩ f −p−1 (V). In this way we build up the general fundamental graded Lie algebra m with g −1 =V admitting a maximal prolongation with structure subalgebra L .
A randomly constructed m may have, in general, no Z-graded prolongation of positive heigth. For this, we need to make specific choices of m.
Let K be the field C of complex numbers. Fix a Cartan subalgebra h of L and let R , W be the corresponding root system and weight lattice, which are contained in a Euclidean space R ℓ . For an ω ∈ W , we denote by W (ω) the set of weights of an irreducible L-module with extremal weigth ω.
As usual, we denote by (α|β) the standard scalar product of α, β ∈ R ℓ and, for a nonzero element α of R ℓ we set α ∨ = 2α/ α 2 and α|β = (α|β ∨ ). Then, by choosing a system α 1 , . . . , α ℓ of simple roots in R , we associate to L the Cartan matrix A=( α i | α j ) 1≤i, j≤ℓ .
Our next step is to construct, starting from the data of L and V a generalised Cartan matrixÃ extending A (see [18, 29] ).
The matrixÃ will be associated to an isometric embedding of R ℓ into an orthogonal space (R ℓ+k , b) (k is the number of irreducible L-modules V i in V). Here b is a symmetric bilinear form on R ℓ+k , which restricts to the Euclidean scalar product on R ℓ . For each V i , let ω i be its lowest weight (i.e. the one with (ω i |α j )≤0 for all j=1, . . . , ℓ) and define a new simple root α ℓ+i = ω i +ǫ i by adding to ω i a marker ǫ i from E={w ∈ R ℓ+k | b(v, w )=0, ∀v∈ R ℓ }. We choose linearly independent ǫ 1 , . . . , ǫ k in E such that b(α i , α i ) 0 for all 1≤i≤ℓ+k and setÃ
Then A is the submatrix of the first ℓ lines and columns ofÃ. The elements a i, j with i≤ℓ are determined by L and V, because
The others depend on the choice of b, for which we need to keep the constrain thatÃ be a generalised Cartan matrix, having nonpositive integers off the main diagonal. The restriction of b to E must satisfy
Then g 0 = L, g −1 =V, for a Z-gradation of the Kac-Moody algebra g ofÃ, which is finite dimensional iff b is positive definite (see e.g. [18] ). In general, we may consider choices for which b has maximal positive/nonnegative inertia. Note that b is completely determined by the values of the entries of (5.1). When g is infinite dimensional, the maximal effective prolongation of type g 0 of m is in general strictly larger than g.
Remark 5.5 (Simple prolongations). When V is irreducible, with extremal weight ω, we need to add a unique marker ǫ. Then conditions (5.1) reduce to the first two andÃ is completely determined by the value of b(ǫ, ǫ). We require that (5.2) ω 2 +b(ǫ, ǫ)>0 and 2(α|ω) ω 2 +b(ǫ, ǫ) ∈ Z, ∀α∈R .
In particular, to obtain a finite dimensional semisimple g, we need that
To discuss the case where K= R, we observe that the complexification of the effective prolongation of a real fundamental graded Lie algebra m is the complex effective prolongation of the complexification of m. In this way we reduce to the complex case, by taking into account the way real representations lift to complex ones (see e.g. [11, Ch.IX,Appendix]).
Remark 5.6. Semisimple effective prolongations g can be read off their associated diagrams of Dynkin/Satake. In particular, for a Satake diagram Σ (see e.g. [3, 7] ) of a real semisimple effective prolongation g we require that (i) the eigenspaces corresponding to fundamental roots of Σ are homogeneous of degree either 0 or 1;
(ii) compact roots have degree 0 and those joined by an arrow have the same degree; (iii) degree 0 roots are the nodes of the Satake diagram of [g 0 , g 0 ].
Crosses can be added under the nodes of a Satake diagram to indicate the roots of positive degree. Complex type representations can be associated to couples of positive roots joined by an arrow (see e.g. [27] ).
Exceptional Lie algebras naturally arise as maximal effective prolongations of fundamental graded Lie algebras with non exceptional structure algebras. These constructions are related to the investigation of their maximal rank reductive subalgebras (see e.g. [1, 16] ).
Structure algebras of type A.
To describe the root system of sl n (C), it is convenient to use an orthonormal basis e 1 , . . . , e n of R n and set
The Dynkin diagram is
with simple roots α i = e i −e i+1 , for 1≤i≤n−1.
Set e 0 =e 1 + · · · +e n . The simple positive weights in e i −e j |1≤i< j≤n ≃ R n−1 are ω k = k j=1 e i − k n e 0 , for 1≤i≤n−1, with ω k corresponding to the irreducible representation Λ k (C n ). We have (ω j |ω k ) = j· 1 − k n > 0, ∀1≤ j≤k<n and hence, for a dominant weight (a j ≥0 for all j),
By Remark 5.5, to find a semisimple effective fundamental graded Lie algebra g with g 0 =gl n (C) and g −1 equal to an irreducible sl n (C)-module V=V ω , we need that ω∼ω i with
• either i = 1, n−1, and any n≥2, • or i=2, n−2 and n≥4, • or i=3, n−3 and 6≤n≤9.
A marker could be taken of the form ǫ=c·e 0 . 5.1.1. g −1 ≃V ω 1 : construction of B n and G 2 . Let ω=e n − 1 n e 0 ∼ω 1 . By Remark 5.5, the possible choices for ǫ are
The first corresponds to an m of kind 1, the second to an m of kind 2, the third to an m of kind 3.
The kind one abelian Lie algebra m=V ω 1 ≃ C n has the simple effective prolongation sl n+1 (C), but has the infinite dimensional maximal effective prolongation X (V) (see e.g. [22, §3] ).
Since Λ 2 (V ω 1 ) is an irreducible sl n (C)-module, with dominant weight ω 2 , the only possible choice for an m of kind two is to take m = C n ⊕Λ 2 (C n ). Indeed, with ǫ = 1 n e 0 , we have ω 1 +ǫ 2 = e 1 2 =1, ω 2 +2ǫ 2 = e 1 +e 2 2 = 2.
By [22, Cor.4 .11] when n≤2, dim(g −2 )≤1 and thus the maximal effective prolongation of this m is infinite dimensional. It is finite dimensional by [22, Thm.4.8] when n≥3, and in fact is isomorphic to o(2n+1, C) (see e.g. [38] ). Indeed, setting
the union R = 2 p=−2 R p is a root system of type B n and the prolongation
where h n is an n-dimensional Cartan subalgebra, is by Proposition 5.3, a maximal effective prolongation of m, because o(2n+1, C) is simple. We got indeed R = {±e i | 1≤i≤n} ∪ {±e i ±e j | 1≤i< j≤n} for an orthonormal basis e 1 , . . . , e n of R n . The grading of g could also have been obtained from the cross marked Dynkin diagram (see [10] )
For n=2, the summands f −p (C 2 ) (for p≥1) are all irreducible and isomorphic either to the trivial one-dimensional representation on Λ 2 (C 2 ) ≃ C, for p even, or to the two-dimensional standard representation Λ 1 (C 2 )= C 2 for p odd. Therefore we will consider the fundamental graded Lie algebra of the third kind m = C 2 ⊕Λ 2 (C 2 )⊕ f 3 (C 2 ), with f 3 (C 2 )≃ C 2 . Let ω= 1 2 (e 2 −e 1 ) and take the marker ǫ = 1 2 √ 3 (e 1 +e 2 ). Then
By setting
we obtain a root system of type G 2 . With a 2-dimensional Cartan subalgebra h 2 , the graded Lie algebra 
with deg(α 1 )=0, deg(α 2 )=1 see e.g. [12, 16, 37] ). This gradation and those introduced for B n are compatible only with the split real forms of the complex simple Lie algebras considered above: we obtain structures of effective prolongation of type gl n (R) and second kind on o(n, n+1) for n≥3 and of the third kind on the split real form of G 2 for n=2. 5.1.2. g −1 ≃V 2ω 1 , V 3ω 1 : construction of C n and G 2 . Let us consider now the irreducible faithful representation of sl n (C) on the space S 2 (C n ) of degree two symmetric tensors. From [22, §3.1] we know that the maximal effective prolongation of type gl n (C) of S 2 (C n ) is finite dimensional if n≥3. In fact, it is isomorphic to a Lie algebra of type C n . The dominant weight of S 2 (C n ) is 2ω 1 and we have 2ω 1 2 = 4− 4 n . We consider the extremal weight ω=2e n − 2 n e 0 and take the marker ǫ= 2 n e 0 . Set
Then R = 1 p=−1 R p is a root system of type C n . With a Cartan subalgebra h n of dimension n, we obtain the maximal EPFGA of type gl n (C) of S 2 (C n ) in the form g = 1 p=−1 g p ≃ sp(n, C), with g 0 =h n ⊕ R 0 , g p = R p , for p 0.
is the set of roots of sp(n, C) and we can obtain the gradation above from its cross marked Dynkin diagram
, for 1≤i≤n−1, α n = 2e n , by requiring that deg(α i )=0 for 1≤i≤n−1 and deg(α n )=1.
For n=2, we consider the irreducible sl 2 (C)-module S 3 (C 2 )≃V 3ω 1 . Its exterior square contains the irreducible representation V 0 ≃ Λ 2 (C 2 ) ≃ C . One can check, by using [22, §3, §4, §6] that the maximal effective prolongation of the fundamental graded Lie algebra m = g −1 ⊕ g −2 , with g −1 = S 3 (R 2 ) and g −2 = Λ 2 (C 2 ), is finite dimensional. It is in fact a simple Lie algebra of type G 2 . With the marker ǫ = √ 3 2 e 0 we obtain ± 3ω 1 +ǫ 2 = 6, ± ω 1 + ǫ 2 = 2, 2ǫ 2 = 6.
The union R = 2 p=−2 R p is a root system of type G 2 and the prolongation
with h 2 a Cartan subalgebra of dimension 2, is by Proposition 5.3, a maximal effective prolongation of m, because g is simple. The corresponding cross-marked Dynkin diagram is
The discussion above applies to the split real form gl n (R) of gl n (C), exhibiting sp(n, R) and the real split form of G 2 as (EPGFLA)'s of a fundamental graded Lie algebra with structure algebra gl n (R). 5.1.3. g −1 ≃V ω 2 : construction of D n . The next example refers to the representation of sl n (C) on V ω 2 =Λ 2 (C n ), for n≥4. Since the Dynkin diagram of a simple prolongation would have a ramification node, all its roots would have the same square lenght 2. Take the extremal weight ω=e n−1 +e n − 2 n e 0 and the marker ǫ= 2 n e 0 ; then ǫ+w 2 =2, for all w ∈Λ(ω 2 ). We set m=g −1 =Λ 2 (C n ) and
The union R = 2 p=−2 R p is a root system of type D n and the prolongation
with h n a Cartan subalgebra of dimension n, is, by Proposition 5.3, a maximal effective prolongation of m, because g is simple. Indeed,
is the root system of o(2n, C), with cross-marked Dynkin diagram
× with α i = e i −e i+1 for 1≤i≤n−1 and α n =(e n−1 +e n ). By setting deg(e i ) = 1 2 for 1≤i≤n we obtain deg(α i )=0 for 1≤i≤n−1, deg(α n )=1 and hence the gradation above for g.
The gradation above is compatible both with the Satake diagram of the split form gl n (R), yielding o(n, n), and, for n=2m even, also with sl m (H), which has the Satake diagram
In this case the corresponding maximal effective prolongation of type gl n (R) of the fundamental graded Lie algebra of the first kind V≃Λ 2 (R 2m ) is isomorphic to o * (2m), having cross-marked Satake diagram
Let us consider effective prolongations which are constructed on the representation of sl n (C) on Λ 3 (C n ), for n≥6. We know from [22, §3.1, §6] that they are finite dimensional. The dominant weight for Λ 3 (C n ) is ω 3 = e 1 +e 2 +e 3 − 3 n e 0 . By Remark 5.5 we know that the necessary and sufficient condition for the existence of a semisimple effective prolongation g of an m with g −1 ≃Λ 3 (C n ) is that
Thus the only possible choices are n=6, 7, 8 with corresponding markers
Let us set
2 ={−2ǫ 8 +ω | ω∈W (ω 2 )}. Then one can show that, for each n=6, 7, 8, the sets R (n) = 2 p=−2 R (n) p are root systems of type E n , with Dynkin diagrams
α 6 α 6 =−ǫ 6 + 1 2 (e 4 +e 5 +e 6 −e 1 −e 2 −e 3 ) ×
α 8 α 8 =−ǫ 8 + 1 8 [8(e i +e j +e k )−3(e 1 + · · · +e 8 )] × Accordingly, we obtain on the complex Lie algebras of type E 6 , E 7 , E 8 structures of effective prolongations of type gl n (C), for 6≤n≤8, by setting
where h n is an n-dimensional Cartan subalgebra.
In all cases we have g −1 ≃Λ 3 (C n ) and g −2 ≃Λ 6 (C n ), with the Lie brackets defined by the exterior product. This gradation is compatible with the non compact real forms EI, II, III of E 6 (see below). In these cases g −1 ≃Λ 3 (R 6 ), while [g 0 , g 0 ] is simple and of type sl 6 (R), su (3, 3) and su (1, 4) , respectively. 
for an orthonormal basis e 1 , . . . , e m of R m and its Dynkin diagram
has simple roots that can be chosen to be α i = e i −e i+1 for 1≤i<m and α m =e m . Its fundamental weights are σ 1 =e 1 , σ 2 =e 1 +e 2 , . . . , σ m−1 =e 1 + · · · +e m−1 , σ m = 1 2 (e 1 + · · · +e m ). Its irreducible representation with maximal weight σ m is called its complex spin representation and indicated by S C 2m+1 . Its weights W (σ m )={ 1 2 (±e 1 ± · · · ±e m )} are all simple, so that dim(S C 2m+1 )=2 m . We know (see [22, Ex.3.3, 3.8] ) that all the effective prolongations of type o(n, C), with n≥2, or co(n, C), with n≥3, of a fundamental graded Lie algebra of the first kind are finite dimensional. Then this holds also for fundamental graded Lie algebras of any finite kind.
5.2.1.
Spin representation for B m . Let us take an m with g −1 equal to the spin representation S =S C 2m+1 of o(2m+1, C). They will be complexifications of real spin representations of real orthogonal Lie algebras.
To obtain a semisimple effective prolongation of type co(2m+1, C) of a fundamental graded Lie algebra with g −1 =S , since its dominant weight is attached to a simple root of length 1, by (5.2) it is necessary to produce a new lenght 1 root by adding a marker to the dominant weight σ m of S . Since σ m 2 = m 4 , this is possible iff m≤3. For m=1, we have o(3, C)≃sl 2 (C) and hence we refer to §5.1.1 (in particular, we may consider the split real form of G 2 as related to the real spin representation of o(1, 2)).
For m=2 we obtain a maximal effective prolongation which is isomorphic to sp(3, C) and whose real form sp 1,2 can be associated to the real spin representation of o (2, 3) .
When m=3 we obtain a presentation of the exceptional Lie algebra of type F 4 , as an effective prolongation of type co(7, C) of a fundamental graded Lie algebra of depth 2 with g −1 equals to the 8-dimensional spin representation of o(7, C). Taking ǫ orthogonal to e 1 , e 2 , e 3 and of lenght 1 2 , we obtain σ 3 +ǫ 2 = 1, e 1 +2ǫ 2 = 2, 2ǫ 2 =2.
We note that the vector representation V e 1 ≃ C 7 of o(7, C) is an irreducible summand of Λ 2 (S ). Then we can take m=S ⊕V e 1 . Set
Then R = 2 p=−2 R p is a root system of type F 4 . With the four dimensional Cartan algebra h 4 of co(7, C), we obtain an effective prolongation of m in the form
There are two non compact real forms of F 4 , with Satake diagrams
They correspond to the real spin representations for a 7-dimensional vector representation. This means that we have to take the orthogonal algebras o (3, 4) and o (7) , discarding the other possible two, namely o(2, 5) and o(1, 6), which have quaternionic spin representations (see e.g. [14, p.103] ).
Remark 5.7. The lifting of the quaternionic spin representations of o(2, 5) and o(1, 6) yields an irreducible representation of o(7, C)⊕sl 2 (C) for which we cannot comply (5.2). In particular, there are infinitely many summands with negative indices in the associated graded Kac-Moody algebra. In contrast, for m=2, the quaternionic spin representations of o(5) and o (1, 4) can be lifted to maximal effective prolongations of type co(5, C) ⊕ gl 2 (C) isomorphic to sp(4, C). The corresponding real models are sp 1,3 and sp 2,2 , respectively. 5.3. Structure algebras of type C. Let us consider the complex Lie algebra sp(m, C), of type C m . Its root system is
has simple roots that can be chosen to be α i =e i −e i+1 for 1≤i<m and α m =2e m . Its weights lattice is the Z-module Z m in R m , with fundamental weights ω j = j i=1 e i , for j=1, . . . , m. We know that the maximal effective prolongation of type sp(m, C) of the fundamental graded Lie algebra of the first kind C 2m are infinite dimensional (see [22, Ex.3 .10], or [19, p.10] ). On the other hand, if we choose another faithful irreducible representation V of sp(m, C), then its maximal effective prolongation of type csp(m, C) is finite dimensional by [22, Prop.3.13] .
Let us take for instance V=V ω m ⊂Λ m (C 2m ). Then sp(m, C) acts on V as an algebra of transformations that keep invariant the bilinear form on V that can be obtained from the exterior product of elements of Λ m (C 2m ). If m is even, this is a nondegenerate symmetric bilinear form and the finite dimension of the maximal prolongation can be also checked by using [22, Ex.3.3, 3.8] .
When m is odd, we can use the exterior product on Λ m (C 2m ) to define a Lie product on V, yielding a fundamental graded Lie algebra m=V⊕Λ 2m (C 2m ) of the second kind, which has a finite dimensional maximal effective prolongation of type csp(m, C). The fundamental weight ω m is attached to the long root 2e m . In order to be able to find a marker ǫ to embed ω m +ǫ into the root system of a simple Lie algebra, we need that ω 2 =m<4, i.e. that m≤3. Te case m=3 leads to another presentation of the exceptional Lie algebra F 4 .
5.3.1.
The exceptional Lie algebra of type F 4 . We take the marker ǫ as a unit vector orthogonal to e 1 , e 2 , e 3 . We note that
Then
is a root system of type F 4 . We have, with a 4-dimensional Cartan subalgebra h,
We have dim(g 0 )=22, dim(g ±1 )=14, dim(g ±2 ) = 1. This is the maximal effective prolongation of a fundamental graded Lie algebra of the second kind. The cross marked Dynkin diagram associated to g is
The gradation is obtained by setting deg(e i )=0 for 1≤i≤3 and deg(e 4 )=1.
Only the split real form FI is compatible with this grading, yielding a real equivalent of the complex case. 
with α i = e i −e i+1 for 1≤i≤m−1 and α m =e m−1 +e m . The maximal root is e 1 +e m and the fundamental weights are
, ω m = 1 2 (e 1 + · · · +e m ). The last two are the dominant weights of two complex spin representations S C m,± , with opposite chiralities and simple weights
a i e i a i = ± 1, a 1 · · ·a m =−1 ,
a i e i a i = ± 1, a 1 · · ·a m =1 .
We call V C m =V ω 1 ≃ C 2m the complex vector representation.
5.4.1.
Real Spin representations of real Lie algebras of type D. Let us first consider complex effective prolongations with structure algebra o(2m, C) in which g −1 is a spin representation. A necessary condition for finding a marker ǫ for which ω m−1 +ǫ or ω m +ǫ could be embedded into the root system of a simple Lie algebra is that ω m−1 2 = ω m 2 = m 4 <2, i.e. that m=4, 5, 6, 7. When m=4, the spin and the vector representations are isomorphic and the maximal effective prolongation of type o(8, C) of the abelian Lie algebra V C 4 ≃S C 4,± is just the orthogonal algebra o(10, C) (see [22, Ex.3.8] ). For m=5, 6, 7 we obtain the three exceptional Lie algebras of type E. Denote by ǫ m+1 a vector of R m+1 , orthogonal to e 1 , . . . , e m and with ǫ m+1 2 = 8−m 4 . We define the sets
Then R (6) = 1 p=−1 R (6) p , R (7) = 2 p=−2 R (7) p , R (8) = 2 p=−2 R (8) p , are root systems of type E 6 , E 7 , E 8 , respectively and we obtain on the complex Lie algebras of type E n structures of effective prolongation for structure algebras of type D n−1 and their spin representations, of the form g = g p , with g 0 =co(2n−2, C), g p = R (n) p for p 0.
We note that g ±1 are for n=6, 8 spin representations with opposite chirality, while for E 7 the representations g ±1 have equal chiralities. For E 8 the g ±2 representations are vectorial.
Since the complexification of the spin representation that we found in these cases are by construction irreducible over C, these complex effective prolongation must be complexifications of real spin representations. We recall that the spin representations of o(p, q) are (see e.g. [ Thus, for the real forms of o(10, C), the semisimple ideal of g 0 can only be o(5, 5) o (1, 9) . Corresponding, we obtain the real forms of E 6 having crossmarked Satake diagrams
For E 7 we obtain a graded algebra of the second kind. The real forms of o(12, C) having real spin representations are o(6, 6), o(2, 10) and o * (12) (see e.g. [8] ). Thus we obtain all non compact real forms of E 7 as (EPGFLA)'s of the real spin representations for vector dimension 12, which correspond to the cross-marked Satake diagrams
For EV the semisimple part of the degree zero subalgebra is o(6, 6) and for EVII it is o(2, 10). In both cases the spin representations involved are real. We recall that the real form o * (12) is obtained from o(12, C) by the conjugation which is described on the roots bȳ e 2h−1 = e 2h , for 1≤h≤3. Accordingly, so * (12) has both a real and a quaternionic spin representation.
The real forms of o(14, C) admitting real spin representations are o(7, 7) and o(3, 11) (so * (14) has a complex spin representation). In this case, g ±1 are spin representations with opposite chiralities and g ±2 dual copies of the vector representation of o(14, C), which correspond to real vector representations V R 7 = R 14 . Thus we obtain all non compact real Lie algebras of type E 8 as effective prolongations of type o(p, q) for FGLA's m whose g −1 component is a real spin representation. Their cross-marked Satake diagrams are
The corresponding simple ideals in the degree 0 subalgebras are o(7, 7) and o(3, 11), respectively.
5.4.2.
Complex spin representations of real Lie algebras of type D. The complexification of an irreducible representation of the complex type of a real Lie algebra is the direct sum of two non isomorphic representations. We should therefore start by considering the complex effective prolongations of type g 0 for a reductive g 0 with [g 0 , g 0 ]≃o(2m, C) and a two-dimensional center, having a g −1 ≃S C − (m)⊕S C + (m). We need to add a marker ǫ ± for each irreducible component S C ± (m) of g −1 . To find a semisimple effective prolongation, we need that ω m−1 +ǫ − and ω m +ǫ + have length √ 2 and are orthogonal to each other. Then m∈{4, 5, 6, 7} and This is possible only for m=4. Thus we assume m=4 and take markers ǫ ± with ǫ ± 2 = 1, (ǫ + |ǫ − ) = − 1 2 .
Then we define (the irriducible complex representation is pictured in the diagram by two crossed white nodes joined by an arrow). Note that the summands on degree ±2 in g are the vector representations V C 4 ≃ C 8 in the complex and V R 4 ≃ R 8 in the real cases.
Quaternionic spin representations of real Lie algebras of type D.
Let η 1 , η 2 be an orthonormal basis of R 2 . We denote by {±(η 1 −η 2 )} the root system of sl 2 (C), and by ω= 1 2 (η 1 −η 2 ) its fundamental weight. Then {±(η 1 −η 2 )}∪{±e i ±e j |1≤i< j≤m} is the root system of sl 2 (C)⊕o(2m, C) and, taking the usual lexicographic orders, its fundamental weights are ω, ω 1 , . . . , ω m .
The complexification of an irreducible spin representation of quaternionic type of a real form of o(2m, C) lifts to an irreducible complex representation of sl 2 (C)⊕o(2m, C) whose dominant weight is either ω+ω m−1 , or ω+ω m . Let us assume it is ω+ω m . A necessary condition to find a semisimple complex Lie algebra which is an effective prolongation of type g 0 , with [g 0 , g 0 ]=sl 2 (C)⊕o(2m, C) of an m with g −1 equal to the irreducible sl 2 (C)⊕o(2m, C)-module with dominant weight ω+ω m is that
i.e. that m=4, 5. With ǫ 4 = 1 2 (η 1 +η 2 ), ǫ 5 = 1 √ 8 (η 1 +η 2 ), set
−1 = {ǫ 5 ±η+w | w ∈W + (5)}, R (5) 0 = {±(η 1 −η 2 )}∪{±e i ±e j | 1≤i< j≤5 }, R (5) 1 = {−ǫ 5 ±η+w | w ∈W + (5)}, R (5) 2 = {−2ǫ 5 ±e 1 | 1≤i≤5}. Then R (4) = 2 p=−2 R (4) p is a root system of type D 6 and R (5) = 2 p=−2 R (5) p a root system of type E 7 . Set
for m=4, 5. Then g m 0 =sl 2 (C)⊕o(2m)⊕ ̟ , where ̟ satisfies [̟, X]=p·X for X∈g p and the g (m) are maximal effective prolongation of type g (m) 0 . For m=4 each of the summands g (4)
±1 consists of two copies of S C + (4) and each of g (4)
±2 is the scalar representation. For m=5 each of the summands g (4)
±1 consists of two copies of S C + (5) and each of g (4)
±2 is the complex vector representation V C m ≃ C 2m . The only real form of o(8, C) having a quaternionic spin representation is o(2, 6). Its prolongation is the real form of g (4) , isomorphic to o(4, 8), whose graded structure is represented by the cross-marked Satake diagram
The only real form of o(10, C) having a quaternionic spin representation is o(3, 7) and the corresponding real form of g (5) is of type EVI, with crossmarked Satake diagram
